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[pu pa3paboTke mapaUIeTbHBIX AalTOPUTMOB pEIICHUS CIIOKHBIX HAYYHO-TEXHWYCCKHX — 3a]ad
MPHUHIUIHATEHEIM MOMEHTOM SIBJSIETCS aHAN3 3()()EKTHBHOCTH HCIONB30BaHUS MapalIeu3Ma, COCTOSIIHN
0OBIYHO B OIICHKE ITOJy4acMOT0 YCKOPEHUSI IMPOIECCa BBIYMCICHUM (COKpAIICHUS BPEMEHHU PEIICHUS 3a1a4H).
dopmMupoBaHHe MOJOOHBIX OILEHOK YCKOPEHHS MOXET OCYIIECTBIISATHCS MPUMEHUTEIBHO K BHIOpAHHOMY
BBIYHCIIUTEILHOMY anroput™my (oueHka 3()(EKTHBHOCTH paClapaieIMBaHUsT KOHKPETHOTO aJrOpUTMa).
Jpyroii BaKHBIM IOAXOJ MOXET COCTOSITh B MOCTPOSHHUH OLEHOK MAaKCHMAlbHO BO3MOXKHOIO YCKOPEHHS
mpolecca penieHns 3aJladl KOHKpeTHOro Tuma (omeHka 3()(eKTHBHOCTH Mapauie]hbHOr0 CIocoda pemeHus
3a/1a4M).

B nganmHOM pasnene omnmchiBaeTcs MOJEIbh BBIUMCICHHWHA B BHAE rpada '"omepamuu-omnepaHapl”, KOTOpas
MOXCT HCIHOJIb30BATHCA JId OIMMCAaHUA CYHICCTBYIOHIUX I/IH(l)OpMaIJ,l/IOHHI)IX 3aBUCHUMOCTEN B B])I6I/IpaeMle
ITOPUTMaX pEIIeHHs 3a/1a4, IPUBOIATCS OICHKH 3()()EKTHBHOCTH MaKCHMAJIBHO BO3MOXKHOTO Mapajuie/in3Ma,
KOTOPBIC MOTYT OBITh IOJYYEHbI B pE3yJIbTaTe aHajaM3a HMCIOIIUXCSA Mojenedl BbiuucieHuid. [Ipumepsl
WCTIOJIB30BaHUs HM3JIaraéMOro TEOPETHYECKOTO MaTepHualia IPUBOJATCS B 3 YacTH HACTOSIIETO Y4eOHOTrO
MaTepuaa.

2.1. MoOdenb ebivucneHuli 8 sude 2pagha "onepayuu-onepaHobi”

Jlnst omucaHus CyIIECTBYIOIIUX UH(MOPMAIHOHHBIX 3aBUCMMOCTEH B BBIOMPACMBIX aJTOPUTMAX PEIICHUS
3aJa4 MOXeT OBbITh HCIIOJIb30BaHa MOJENb B BHJe Tpada "onepauun-onepanasl” (cM., Harpumep, Bertsekas and
Tsitsiklis (1989), Boesonun B.B. m Boeoaun Bia.B. (2002)). [Ins yMeHblueHHs CIOXKHOCTH HW3JIaraeMoro
Marepuala IpH MOCTPOSHUH MOJIETH OyAET IPeroaraTbes, 4TO BPeMsl BHIITOJIHEHUS JIIOOBIX BBIYHUCIUTEIBHBIX
orepalii SBISIETCS OJMHAKOBBHIM M paBHseTcs | (B TeX WIM HMHBIX €JUHHUIAX u3MepeHus). Kpome Toro,
NPUHUMAETCS, YTO Iepesada JAHHBIX MEXIY BBIYACIUTEIBHBIMH YCTPOMCTBAMU BBINOJIHACTCS MTHOBEHHO 0€3
KaKHX-THOO0 3aTpaT BPEMEHH (UTO MOXKET OBITh CIpaBEIMBO, HANIPUMEP, NMPH HATUYUU OOMIeH pazienseMoin
MaMATH B TApajUIeIbHOW  BBIYUCIUTENBHONH cHCTeMe). AHamM3 KOMMYHHUKAITHOHHOW TPYJOEMKOCTH
MapaJuIeNIbHBIX aJITOPUTMOB BBITIOTHSETCS B CIIEAYIOIIEM pasJene.

[IpencraBuM MHOKECTBO OTIE€PALNi, BHIIOTHAEMBIX B HCCIEAYEMOM alTOPUTME PEIICHHS BEIYUCIUTETEHON
3aJaui, U CYIIECTBYIOUIME MEXIy OIepalusMd HHPOPMAIMOHHBIE 3aBHCUMOCTH B BHIE AYUKIUYECKO2O
OpUEHMUPOBAHHO20 epagha

G=(V.R),
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uc. 2.1. HMMED BBIYUCIIMTEIILHON MOJEIH AITCOPATMA B BUJE T] [epaLuu-OIePAH 1Bl
Puc. 2.1 IT e CIWTEJIFHON MOJEIHN ajro a e rpada "omepa orepa "

roe V = {1,...,|V|} €CTh MHOXKECTBO BEpIIHH rpada, IpeACTaBIIONNX BHITONHIEMBIC ONIepalliy ATOPHTMA, a R
€CTh MHOXeCTBO HOyr rpada (mpu »ToM ayra r» =(i,j) TpUHAAICKHUT Tpady TOIBKO, €CIH OIeparus j
UCIIONIb3YeT pe3yJbTaT BBINOJNHEHMs omepauuu i ). s npumepa Ha puc. 2.1 mokazaH rpad anropurma
BBIYMCIICHUS TUIOMIAM NTPSIMOYTOJIbHIKA, 3aJaHHOT0 KOOPANHATAMHU JABYX NPOTHUBOJIEXKAIINX yrIIoB. Kak MOXXHO
3aMETHUTH 110 IPUBEJCHHOMY ITPUMEPY, AJISl BHIIOIHEHUSI BEIOPAHHOTO arOPUTMa PELICHUsS 3a/1a4d MOTYT OBITH
UCIIOJIb30BaHbl Pa3HbIE CXEMBbl BBIYHMCICHUH M ITOCTPOEHBI COOTBETCTBEHHO Pa3HbIE BBIYMCIUTEIBHBIC MOJIEIH.
Kak Oyner mokazaHo pnajee, pasHble CXEMbI BBIYMCICHHH OONANalOT Pa3IMYHBIMH BO3MOXKHOCTSIMH UL
pacrmapaJuleIiBaHHsl M TEeM CaMbIM IIPU ITOCTPOSHWH MOJENIW BBIYHMCICHHI MOXET OBITH IOCTaBJeHa 3ajada
BBIOOpa HanboJIee MOAXOAAIIEH TS MTapaJUIeIbHOTO HCIIOJTHEHNS BEIYMCIUTEILHOH CXEMBI aITOPUTMA.

B paCCManPIBaCMOﬁ BBIYMCIIUTEILHON MOACJIN aJIrOpUTMa BEPIIWHBI 0e3 BXOJHBIX Ay’ MOTYT
HCIIOJIB30BAThCA JIA 3aJaHusl onepaunﬁ BBOJIa, a BCPUIMHBI 0e3 BBIXOJHBIX OYyI' — IJIA onepaunﬁ BbIBO/JIA.

O6o3naunM depe3 V' MHOXecTBO BepmuH rpada Ge3 BepmH BBoma, a depe3 d(G) amamerp (WiHHY
MaKCHMAaJIbHOTO MyTH) Tpada.

2.2. OnucaHue cxeMbl napasiyiesibHo20 8bINOJIHeHUs1 ajlzopumma

Onepanuy anropuT™Ma, MeXx Iy KOTOPBIMH HET IIyTH B pPaMKaxX BBIOPaHHON CXEMbI BEIYUCICHUH, MOTYT OBITH
BBITIOJIHEHBI TTapAUIENbHO (U1l BBIYUCIUTENBHONW CXeMbl Ha puc. 2.1, Hampumep, napajulelbHO MOTYT OBITh
peann3oBaHbl CHayajla BCE OllEpallii YMHOXCEHUsI, a 3aT€M IepBbIe JBE OIepaluy BbIYUTaHUS). Bo3MOXKHBIN
CIIOCO0 ONMHUCAHUS NMapalIeNbHOIO BBHIIONHEHUS allOPUTMa MOXET COCTOSTh B CIEAYIOIIEM (CM., HAalpUMED,
Bertsekas and Tsitsiklis (1989), Boeoaun B.B. 1 Boesonun Bin.B. (2002)).

[Iycts p ecTh KOJMYECTBO NPOLIECCOPOB, HCIIOJIB3YyEMBIX ISl BBINOJHEHMS airoputMma. Torma Juist

NapaJuIeNIbHOTO BBIITOJHEHUS BEIYMCICHUH HEOOX0AMMO 3a/1aTh MHOXKECTBO (pacnucanue)
H,={(F.,):ieV},
B KOTOPOM JUI KaXXIOW omepauuu i €V yKa3pIBaeTCs HOMEP HCIIOJIB3YyEMOIo ISl BBIOJIHEHHS OIEPALUH

nporeccopa P, ¥ BpeMs Hadalla BBIIOJIHEHUS oIepanuu ¢; . [ Toro, 4ToObl pacnucaHue ObLIO peann3yeMblM,

HE00XOAUMO BHINIOJTHEHHE CIIEAYIONINX TPpeOOBAHUH MPH 3aJaHUK MHOXecTBa /1 I

1) Vi,jelV ¢ =tj:P; ¢Pj, T.e. OOUH W TOT JK€ TMpPOIECcCCOp HE MOIDKEH Ha3HAYaThCs PasHBIM

ornepanusaM B OOIWH U TOT )K€ MOMECHT BPEMCHU,



2) V(i,j)eR=1t;21;+1, T.e. K HA3HAYAEMOMY MOMEHTY BBITIOJHEHHS OIEPALMH BCE HEOOXOIMMBIE

JAHHBIC YK€ TOJIKHBI OBITh BBIYHMCIICHBI.

2.3. OnpedesnieHue epeMeHU 8bINMOJIHEHUsI NapasesibHo20 ajlzopumma

BbrauciurensHas cxema anroputmMa G COBMECTHO C paclucaHueM /1, MOKET paccMaTpUBATBCS Kak
Mozens napaiensHoro anroputma A,(G,H ), UCIONHAEMOrO ¢ HCIONB30BAHUEM p HPOLECCOPOB. Bpems

BBITIOJTHEHHS NAPAJTIETBHOTO AITOPUTMA ONPEEISIETCS] MAKCUMAIbHBIM 3HAaYEHHEM BPEMEHH, HCIOIb3YEMbIM B
pacmycaHuu:

T,(G,H),) :rlyg/x(ti +1).

I[J'ISI BLI6paHH017[ CXEMbl BBIYMCJICHHM JKEJIaTEIbHO HCIIOIb30BaHUE pacmnurcanus, 06CCH6‘II/IBaIOHIeFO
MUHUMAJIBHOC BPEMS UCTIOJIHCHUS aJITOPpUTMaA:

T,(G)=minT,(G.H,).

VMeHbIICHNE BPEMCHHU BBIIIOJIHCHHUA MOKET ObITh OOecIeueHo U nmyTeM no,u60pa Hamquei/i
BBIUHCIIMTEILHONU CXEMBI:

T, :mcinTp(G).

Ouwenkn 7T,(G,H,), T,(G) u T, moryr ObITb HMCIOJB30BaHBl B Ka4eCTBE IOKA3aTeNeH BPEMEHN

BBITIOJIHEHHUA MMAapaUICJIbHOT'O aJlrOpruT™Ma. KpOMe TOr'0, U aHaJIn3a MAKCUMAJIbHO BO3MOXKHOI'O Mapauiejim3Ma
MOJXHO OIIPEACIUTb OLICHKY HauboJee 6BICTpOF0 HCIOJHCHUS aJIrOprUTMa:

T.=minT, .
® p=1 p

Onenky 7, MOXHO paccMaTpHBaTh KaKk MUHHMMAJIbHO BO3MOKHOE BPEMs BBIITOJHEHHS MapalIeIbHOIO

ANTOpPUTMa TPH HWCIOIB30BaHUM HEOTPAHMYCHHOTO KOJIMYECTBA MPOLECCOPOB (KOHIICTIUS BBIYHACIUTEIEHON
CUCTEMBI C OECKOHEYHBIM KOJIMYECTBOM IIPOLECCOPOB, OOBIYHO HA3BIBAEMOW HAPAKOMNbIOMEPOM, TTHPOKO
UCTIONB3YETCS IIPH TEOPETUIECKOM aHAIIN3€ TapayIeTbHBIX BEIYUCIICHHH).

Ouenka 7] omnpenenseT BpeMs BBINOJHEHUS alrOpUTMa IPH HMCHONB30BAHMM OJHOTO Ipoleccopa U

MPEICTaBIsIeT, TEM CaMbIM, BPEMS BBIIIOJHEHUS IOCIEIOBATEIBHOTO BApHAHTA alTOPUTMAa pEIeHHs 3a/adH.
IToctpoenne mo1o0HOH OIEHKH SIBIISETCS BAXHOH 3a/1a4ell IPH aHaIH3€e MapalIeIbHBIX aJTOPUTMOB, IIOCKOJIBKY
oHa HeoOxoauMma st ompeneseHus 3(dekra ucmonp3oBaHus Mapayiean3Ma (YCKOPSHHsT BPEMEHHU DPEIICHUS
3a1a4yu). O4eBUIHO, UTO

L&) =

B

rie ‘V‘, HATllOMHHM, €CTh KOJWYECTBO BEpIINH BBIYMCIUTENbHOM cxemMbl G 0e3 BepmuH BBOAa. BakHO
OTMETUTb, YTO €CIIH IPHU ONPEICICHUH OLEHKNA 1, OrpaHUYUTHCS PACCMOTPEHUEM TOJIBKO OHOTO BBIOPAHHOTO
aNrOpUTMAa PEIICHNUS 3a/1a49H U HCIIOJIB30BATh BEIUINHY

I, = min7,(G)

TO TOJyyaeMble TMPH WCIOJIb30BAHUU TaKOW OIIGHKU II0Ka3aTel YCKOpeHHsi OyIyT XapaKTephu30BaTh
3G (GEeKTUBHOCTh paclapajlicIiBaHus BbIOpAHHOrO ajaropurma. s oreHkH 3((EeKTHBHOCTH MapauIebHOrO
peuicHus HCCHC}IyeMOﬁ 3aa4u Bbl'-lHCJ'Il/ITCJ'leOﬁ MaTEeMaTHUK BpEMs IMOCICA0BATCIIBHOTO PCUHICHUA CICAYCT
OIMPCACIIATE C YUCTOM PA3JIMYHBIX MMOCJICA0BATCIIbHBIX aJITOPUTMOB, T.€. UCIIOJIb30BATh BEJIMIYNHY

* .
I, =minT,,

rac onepauuﬂ MI/IHI/lMyMa 6epeTCﬂ 10 MHO)KCCTBy BCEX BO3MOXHBIX ITOCIICA0OBATCIBHBIX aﬂFOpI/lTMOB peIJ_IeHI/Iﬂ
ITaHHOM 3aJa4H.

IMpuBemem 6e3 10Ka3aTEIBCTBA TEOPETUIECKUE MTOTIOKESHUSI, XapaKTEPH3YIOIIHE CBOWCTBA OIEHOK BPEMEHH
BBIMOJIHEHMS MTapajuiesibHoro anropurMa (cMm. Bertsekas and Tsitsiklis (1989)).

TeopeMa 1. MuHUMAIEHO BO3MOXKHOE BPEMs BBIIIOJHCHUA MApaJUICJIBHOIO aJropuTtMa ONpeACIsACTCA
,IUII/IHOﬁ MaKCHUMAaJIBHOT'O ITYyTH BBIYHMCIIUTSILHON CXEMBI ajropuTMma, T.€.

T,.(G)=d(G).



Teopema 2. [lycTh ams HEKOTOPOW BEPUIMHBI BHIBOJA B BBIUHCIHTEIBHON CXEME alrOpHTMa CYIIECTBYET
MyTh U3 KaXI0HW BepIIMHBI BBoa. Kpome Toro, mycTh BXO/AHAsS CTENEHb BEPIINH CXEMBI (KOJTMYECTBO BXOISIITIX
Iyr) He mpeBblmaeT 2. Torza MHHMMANTbHO BO3MOXKHOE BpEMs BBIMONHEHHS MapajuIeIbHOTO ajropuTMa
OrpaHNU4YC€HO CHU3Y 3HAYCHUEM

T, (G)=log,n,
e n €CThb KOJINYECTBO BCpH.II/IH BBOJa B CXEME aJIFOpI/ITMa.

Teopema 3. Ilpy yMeHBIIEHHMM 4YHCIAa HCIONB3YEMBIX IPOIECCOPOB BPEMs BBIMOJHEHHS alropuTMa
YBEIMYUBAETCS IPOIOPLUUOHAIBHO BEIMYMHE YMEHBILIECHUSA KOJIMYECTBA IPOLIECCOPOB, T.€.

Vg=cp, 0<c<l=T,<cT,.

TeopeMa 4. I[J'IH 1000r0 KOJIMYECTBA HCMOJBb3YEMbIX HMPOLCCCOPOB CHpaBEAJIMBa CICAYIOIIAsl BCPXHAA
OLICHKA JJI1 BDEMCHU BBLIIIOJIHCHUS [TapaUICJIbHOTO aJIrOpUTMa

Vp=T,<T,+T\/p.

Teopema 5. BpeMeHu BBINOJHEHUSI aNrOPUTMa, KOTOPOE COMOCTABUMO C MUHHMAJIbHO BO3MOXKHBIM
BpeMeHeM 7, , MOKHO JIOCTHYb IIPU KOINYECTBE MPOLECCOpOB nopsiaka p ~ 1, /T, , a UMEHHO,

p2T /T, =T,<2T,.

[Ipu MeHbIIeM KOJMYECTBE MPOLECCOPOB BPEMsI BBIIIOIIHEHHUST AITOPUTMa HE MOXKET MPEBbIIATh Ooliee, YeM B 2
pa3a, HamTy4IIee BpeMs BBIYHCICHUH IPU UMEIOIIEMCS YHCIIe TIPOLIECCOPOB, T.€.

7 T
p<T/T,=-L<T, <21,
p p

[IpuBeneHHbIE yTBEPXKIEHHS MO3BOJISIIOT JaTh CICAYIOIIME PEKOMEHIAUH 10 NpaBuiaM (GpopMHUpOBaHMs
HapajuleNIbHbIX aJITOPUTMOB!

1) npu BbIOOpE BBIYMCIHMTENBHON CXEMbI AITOPUTMA JOJDKEH HCIIOJBb30BaThC Tpad) ¢ MUHHMAIIBLHO
BO3MOXKHBIM THAMETPOM (CM. Teopemy 1);

2) UIs TapajuIeIbHOTO BBIMOJNHCHHSA IIETICCOO0pa3HOE KOJIUYECTBO IPOLIECCOPOB  OMPEACIsIeTCS
BenimauHoil p ~ 1, /T, (cMm. Teopemy 5);

3) BpeMms BBIIOJIHEHUS NapajuleNIbHOTO ajlrOpUTMa OIPaHWYMBACTCS] CBEPXY BEIMYMHAMM, NPUBEICHHBIMU
B TeopeMax 4 u 5.

Jnst BBIBOJJA peKOMEHALMIA 110 (POPMHUPOBAHUIO PACIIMCAHUS TI0 apauIeIbHOMY BBINOJIHEHHIO alrOpUTMa
MIPUBEIIEM JI0KA3aTEIbCTBO TEOPEMBI 4.

Joka3zaTteabcTBO TeopeMbl 4. [Iycts H,, ecTh pacnucaHue JUIsl TOCTHXKEHUSI MUHUMAJIBHO BO3MOXKHOTO
BpeMeHu BoinoiaHeHust T, . s kaxmon urepauund 7, 0<7 <7, , BBIIOJHEHUS pacnucaHus H, 0003HAYNM
4epes 71 KONMYECTBO ONMEPALlHii, BHIMONHACMBIX B X0J€ UTEpALMK 7 . PacnucaHue BBINOIHEHHS alrOpUTMA C
UCIIOJIb30BaHUEM p IIPOLIECCOPOB MOXKET OBITh IIOCTPOCHO CJEOYIOIIMM 00pa3oM. BrimosiHeHue anropurma

pa3acinuMm Ha TOO maroB; Ha KaXJ0M mare 7 CJICAYCT BbIIIOJIHUTL BCC }’lr onepaunﬁ, KOTOPBLIC BBITIOJHAJINCH HA

uTepanu 7 pacnucaHus H . BeimonHeHWe 3THX omepanuii MOXKeT OBITH BBIIOJHEHO HE Ooiiee, 4eMm 3a
|_nT/ p-| UTepaLUi DU UCTIOIB30BAHUH p NPOLECCOpoB. Kak pesyibrar, Bpems BblIONHEHHs anroputma 7T,

MOXeET OBITh OLICHEHO CJIEAYIOLIMM 00pa3oM

< n & n T
T =Y | =< —“4+1|="L4T, .
g Z‘ P Zl P P

JlokazaTenbCTBO TEOpPEMbl JIaeT TPAKTUYECKHH CIIOCOO IIOCTPOCHUS pPACHHMCaHMsl MapajielIbHOrO
anroput™a. [lepBoHauambHO MOXET OBITH IIOCTPOSHO pacHucaHue O0e3 yd4yera OrpaHHMYEHHOCTH YHCia
UCIIONIb3YEMBIX MPOIIECCOPOB (pacuicaHue Ul MapaKOMIbIOTEpa). 3aTeM, COTJIACHO CXEME BBIBOJA TEOPEMBI,
MOXeET OBITh ITOCTPOEHO paclUCcaHue AJIsl KOHKPETHOTO KOJIMYECTBA MPOLIECCOPOB.

4



2.4. [lokazamenu aghghekmueHOCMU napa’sisiesibHO20 asrizopumma

Yekopenue (speedup), nonydaemoe npu UCNOIb30BAHUY NApAJIEIBHOIO aNTOPUTMA UL p MPOLECCOPOB,

IO CPaBHCHUIO C MMOCJICA0OBATCIIbHBIM BaApUAHTOM BBIITOJIHCHUA BBIYMCIICHUM OIpeaACIACTCA BEJIUUMHOMU

S,(n)=T,(n)/T,(n),

T.e. KaK OTHOILIEHHE BPEMEHH pelleHMs 3aJad Ha cKasipHod DBM k BpeMeHM BBINOJHEHMS MapaijielbHOro
aITopuTMa (BEMYMHA 7 HCIIOIB3YETCS VIS NMapaMeTPU3aliy BBIUYMCIUTENIBHON CIIOKHOCTH pelIaeMoi 3a1adun
Y MOJKET IIOHHMAThCSl, HAPUMED, KaK KOJMYECTBO BXOIHBIX JAHHBIX 3aJa4H).

Ippexmusnocmo (efficiency) ucnonp3oBaHus NapauleIbHBIM AITOPUTMOM MPOLECCOPOB MPHU PEIICHUH
3aJjauM OIPEIEISIETCS] COOTHOLIEHUEM

E,(n)=T(m)/(pT,(n))=S,(n)/ p

(BenmmunHa 3 PEeKTHBHOCTH ONpenessieT CPEAHIO0 JIOII0 BPEMEHH BBIITOJIHEHHS alrOPUTMa, B TEYEHHE KOTOPOH
MPOLIECCOPHI PeaTbHO UCTIONIB3YIOTCS ISl PEILICHNUS 3a/1auH).

U3 ipuBeEICHHBIX COOTHOLIEHHH MOJKHO MOKa3aTh, 9TO B HaWIly4qweM ciayyae S,(n)=p u E,(n)=1.Ilpn

IMPaKTUYECKOM MNMPUMCHCHUUN JaHHBIX nokaszaTejaen JJIA OLICHKU 3(1)(1)6KTI/IBHOCTI/I napajjieJIbHbIX BBIYMCIICHUM
CJICAYCT YYUTBhIBATh CICAYIOIUX JIBa BaXKHbBIX MOMECHTA.

e Ilpu ompeneneHHBIX OOCTOATEIBCTBAX YCKOPEHHE MOXET OKa3aThCs OOJBIIE YHCIA HCIIOIb3yEMBIX
poLeccopoB S, (1) > p - B 3TOM Clly4ae FOBOPAT O CyLIECTBOBAHHH C6epXUNelin02o (superlinear) yckopeHus.

Hecmotpst Ha mapaoKcanbHOCTh TaKUX CUTyanuil (YCKOPEHHE IMPEBBIIIAET YHUCIIO MPOIECCOPOB), HA NMPAKTHUKE
CBEPXJIMHEHHOE YCKOpPEHHE MOXeT HuMeTh Mecrto. OOHOM U3 MNPUYMH Takoro SABJICHUS MOXKET OBITh
HEPABHONPABHOCTH BBIIIOJIIHEHUS OCJIEAOBATENILHON M MapajuienbHOM mporpamMm. Hampumep, mpu pemieHun
3aJayd Ha OJHOM IIPOLIECCOPE OKAa3bIBAeTCs HEJOCTATOYHO ONEPAaTHBHOW IaMSITH I XPaHEHHsS BCEX
00pabaThIBaCMbIX JAHHBIX M, KaK PE3yJbTaT, HCOOXOIUMBIM CTAHOBHUTCS HCIIOJIh30BaHUE 00Jice MEICHHON
BHCIIHEH ITaMATH (B CJlydqa€ K€ MCIIOJIb30BaHUSA HCCKOJBKHUX ITPOLECCOPOB OHepaTHBHOﬂ nHaMsaTH MOXKET
OKa3aThCcd JOCTaTOYHO 3a CYeT pa3JeNieHHs] JaHHBIX MeXAy Iporeccopamu). Emie onHoW mnpuunHON
CBEPXJIMHEHHOTI'O YCKOPEHHsI MOXKET OBITh HEJIMHEHHBINH XapakTep 3aBUCHMOCTH CIIOKHOCTH PEIICHHS 3a/1a4 B
3aBUCHMOCTH OT O0ObeMa 00padaThIBaeMbIX JAaHHBIX. Tak, HalpuMmep, M3BECTHBIH aJITOPUTM ITy3BIPHKOBOM
COPTUPOBKH XapaKTepU3yeTcsl KBAJAPATHUYHON 3aBHCHMOCTBHIO KOJIMYECTBA HEOOXOIMMBIX OIEpalfii OT Yucia
YIOPSAOYMBAEMBIX ~JaHHBIX. Kak pe3ynprar, NpW paclpefeleHHUH COPTHPYEMOTO MAacCHBa MEXIY
MpoIiecCopaMi MOXKET OBITh IONIyY4eHO YCKOPEHHE, IMPEBBIMIAIONIee YHCIO IMpoleccopoB (Ooiee moapoOHO
JMAHHBIA mpuMep paccMmarpuBaercs B pasgene 10). VICTOYHHKOM CBEPXJIIMHEHHOTO YCKOPEHHSI MOXKET OBITh H
pa3nuuue BEIYUCIUTEIBHBIX CXEM MOCIEIOBATENbHOIO U APAIIIENBHOTO METO/IOB;

e [lpu BHUMATEIFHOM PAacCMOTPEHUH MOKHO OOpaTWUTh BHHUMAaHHE, YTO ITOTBITKY ITOBBIIICHNS KauecTBa
MapaJuIeNIbHBIX BBIYMCICHUH 110 OJHOMY M3 TOKa3areneil (YCKOpeHHIo Wi 3((GEKTHBHOCTH) MOXKET IIPUBECTH K
YXYIOIICHAIO CUTyallMd IO JIPyroMy IIOKa3aTeso, nOO MOKa3aTeldd KadecTBa MapaUIeNbHBIX BBIYMCICHUI
SBISTFOTCSI IPOTUBOPEUYMBBIMU. Tak, HampHMep, MOBBINICHNE YCKOPCHMS OOBIYHO MOXKET OBITH 00ecnedeHo 3a
CUeT YBEJIMYEHHs YHCIIa POLECCOPOB, YTO NMPHUBOIMT, KaK IPaBWIO, K MaaeHuIo dpdexTuBHOCTH. U, 06paTHO,
HOBBILIEHNE 3(P(EKTUBHOCTH IOCTUTAeTCS BO MHOTHX CIy4asX HPH YMEHBIICHWH YHCIA IPOLECCOpoB (B
npeeNbHOM citydae uaeanbHas spdexruHocts £, (1) =1 nerko obecneunBaeTcs Npy NCHIOIB30BAHUH OJIHOTO

npoueccopa). Kak pesynbrar, pa3paboTka METOAOB MapaUIENbHbIX BBIYUCICHUH YacTO MpEArojaraeT BhIOOp
HEKOTOPOT0 KOMIIPOMHCCHOTO BapHaHTa C YUETOM XKeJIaeMbIX MoKa3areneil ycKopeHus U 3(GPEeKTHBHOCTH.

TIpu BBIOOPE HAMNEKAIIETO NAPAILIENLHOIO COC00a PELICHUS 3a1a4l MOKET OKa3aThCsl MOJIE3HOM OlEHKA
cmoumocmu (cost) BHIYMCIEHUH, OIPEENsIeMOl KaK IIPOU3BeeHUE BPEMEHH NapajllebHOTO PelleHHs 3a1aun
¥ YMCJIA HCTIOIB3YEMBIX IPOLECCOPOB.

C,=rT,
B 5TOll CBA3M MOMKHO ONPEAEIUThL IOHATUE CHOUMOCHHO-ONMUMANbHOZ0 (cost-optimal) napajienabHOro
aJrOpUTMa KaK METO/Ia, CTOMMOCTh KOTOPOTO SBJIAETCS IIPOIIOPIMOHAILHON BPEMEHH BHIIOJIHEHHUS HAMITYYIIETO
TI0CJIE0BATENLHOTO AJITOPUTMA.

Janee ni1st mimrocTpauy BBEJICHHBIX MTOHATHH B CIIEAYIOIIEM ITyHKTE OYAET pacCMOTpEH yueOHBII pumep
pELIeHuUs 331241 BBIYUCIICHUS] YaCTHBIX CYMM JJIsI TIOC/IeI0BAaTEIbHOCTH YHCIIOBBIX 3HaueHnH. Kpome Toro, B 3
YacTH JAHHOTO YYeOHOro MaTepuana [aHHbIe IOKa3aTelnd OyIyT HCIIONb30BaThCs IS XapAKTEPUCTUKH
3¢ EKTUBHOCTH BCEX pPAcCMaTPHBAEMBIX MApaJICIbHBIX AITOPUTMOB MPU PEUNICHHM THIIOBBIX 3ajad
BBIYHMCIINTEIBHON MATEMATHKH.



2.5. BbiqucneHue 4YacmHbIX CYMM rocsiedoeamesibHOCMuU Yuc/108bIX
3Ha4YeHuu

PaccmoTpuM st teMOHCTparuu psijia mpo0JieM, BOSHUKAIOIIMX NP pa3padoTKe MapauIeIbHBIX METOI0B
BBIYUCIICHUH, CPABHUTEIBHO MPOCTYIO 3A0AYy HAXONCOCHUS YACMHBIX CYMM TIOCIEIOBATEIBHOCTH YHCIOBBIX
3HAYCHHI:

Se=) x;, 1<k<n,

rZe 7 ecTh KOMMYECTBO CyMMHPYEMBIX 3HaUCHHH (JaHHAs 3a/ada M3BECTHA TAaKXKe II0J Ha3BaHHEM prefix sum
problem).

W3yyeHne BO3MOXKHBIX NapauIebHBIX METOAOB PELICHUs JaHHOH 3aJaul HadyHEM c ele Ooliee MmpocToro
BapHaHTa €€ IOCTAaHOBKHU — C 3a0auu @blUCAeHUs 00well cyMMbl UMEIOIIEerocs Habopa 3HaYeHHMH (B TAKOM BHUIE
3a/1a4a CyMMHUPOBAHUS SBIISIETCS YaCTHBIM CITydaeM o0IIeH 3adauu pedykyuu):

n
S = le- .
i=1

2.5.1. NocnepnoBaTtenbHbIA anNropUuTM CyMMUPOBaHUA

TpaauHOHHBIA aNrOPUTM IS PEIICHUS 9TOH 3aJadd COCTOMT B IOCJICNOBATEIFHOM CYMMHPOBaHUH
3JIEMEHTOB YHCIOBOTO Habopa

S=0,
S=85+x,..

BeruncnurenbHas cxeMa JaHHOTO alrOpUTMa MOKET OBITh MPEACTABICHA CIEAYIOUINM 00pa3oM (CM. pHC.
2.2):

G =(,R),
rae V= {Vy seesVg,sVi1ses V), | €CTb MHOXKECTBO ONEPALMil (BEPIIMHBL V..., V,, 0003HAYAIOT OIEpALHH
BBOJIa, Kaxkaast BepmmHa V,;, 1 <i < 1, coOTBEeTCTByeT MpHOABICHNIO 3HAYeHHs. X, K HAKAIUIMBAEMON CyMMe
S),a

R ={(vy;,v;),(v;,vy), 1<i<n—1}

€CThb MHOKECTBO AYT, OIMPCACIIAIOIINX I/IH(l)OpMaIII/IOHHLIG 3aBUCUMOCTH onepaunﬁ.

+

X4 X2 X3 Xq Q

Puc. 2.2. HOCJ'IGJIOBaTeJ'H)HaH BBIYUCIIUTE/IbHAA CXEMaA aJilrTOpUTMa CYMMUPOBAHUA

Kak MoxHO 3aMeTHTh, HaHHBIA '"CTaHOAPTHBIA" aJIrOpUTM CYMMHPOBAHHS JONYCKAET TOJBKO CTPOrO
IOCIIE0BATENBHOE NCIIOJHEHNE M HE MOXKET OBITh pacuapasuieacH.




2.5.2. KackagHas cxema CymMMMpoBaHUA

[Mapannenn3m anropuTMa CyMMHPOBAHHUS CTAHOBUTCS BOZMOKHBIM TOJIBKO TIPH MHOM CIIOCOOE MOCTPOCHUS
npoliecca BEYHUCICHUH, OCHOBAHHOM Ha HCIIOJIB30BaHMHU acCOLMATUBHOCTH ONEpalMy cloxeHus. [lomydaemblii
HOBBIIl BapHaHT CyMMHpPOBaHHS (M3BECTHBIN B JIUTEpaType KaK KACKAOHAA cXemd) COCTOMT B CIEHyIoLIeM (CM.
puc. 2.3):

- Ha nepBoﬁ UTCpaln KaCKaZ[HOﬁ CXCMBI BCC UCXOJHBIC JaHHBIC p8.36I/IBaIOTC$I Ha mapsl, 1 JJid Ka)K}IOﬁ
apbl BBIYUCIIACTCA CyMMa UX 3Ha‘{eHI/II71,

- Jajic€ BCC MOJTYYCHHBIC CYMMbI TaK¥XC pa36I/IBaIOTC$I Ha napbl, U CHOBA BBLITNIOJHACTCA CyMMUPOBAHUC
3HAYCHHI nap v T.4.

k
JlaHHas BHMUCIUTENBHAS CXEMa MOKET OBITh OmpeseseHa kak rpad (mycts 7 =2")

G, =0, R,),

xO %O %O %O q

Puc. 2.3. Kackagnas cxema anroputMa CyMMHPOBaHHSA

rae V, ={(vi1,...,vili ), 0<i<k, 1< <27'n} ects BepumHbl rpada ((Vgyse-sVg,) - oOmEpaLH

BBOMa, (V| ,...,Vy,o) - ONepalMM I[epBOH WTepaldd M T.J.), & MHOXeCTBO Ayr rpada ompenensercs

COOTHOIICHUSAMM:
—_ . . —i
Ry ={(vii2;0vy)s(Viigvy), 15i<k, 1<j<27n}.
Kak HCTPYAHO OLICHUTL, KOJIUYCCTBO I/ITepaHI/Iﬁ KaCKaZ[HOﬁ CXCEMBI OKa3bIBACTCA PABHBIM BEJIMUNHE
k=log, n,
a o0lIee KOJINYECTBO OTepalnii CyMMHUPOBAHHSI

K =n/2+n/d4+..+1=n-1

nociu

COBIAJIa€T C KOJMYECTBOM OIEpaliii MOCJIEN0BATEIPHOTO BapHaHTa alropuTMa CcyMMHpoBaHusA. llpu
NapajjIebHOM HCIIONHEHHH OTHACNBbHBIX HTEpaluil KacKagHOH cXeMbl o0Ilee KONMYECTBO IapauIeNIbHBIX
orepaunii CyMMHPOBAHUS SIBJISETCS] paBHBIM

K, 4 =log,n.

HOCKOJIBKy CHUTACTCsA, 4YTO BPEMA BBIIIOJHECHUSA TFOOBIX  BBIYMCIUTEIBHBIX onepauﬂﬁ ABJIACTCA

OJMHAKOBBIM M eauHn4HbM, TO 73 =K, T, =K MIO3TOMY TIOKa3aTeNI YCKOPEHHUsI U 3()(HeKTUBHOCTH

nap >

KaCKaZ[HOfI CXEMBI aJIrOpUTMa CYMMHUPOBAHUS MOXXHO OLEHUTH KakK
S,=T,/T, =(n—-1)/log, n,
E, =T,/ pT, =(n=1)/(plog, n) = (n—1)/(n/2)log, n)

rne p=n / 2 €CTh HGO6XO,Z[I/IMOC JIJIST BBITIOJTHEHUSI KaCKaJIHOM CXEMBbI KOJIUYECTBO TIPOLIECCOPOB.

AHanmu3upysl TOJlydeHHBIE XapaKTEPUCTHKN, MOKHO OTMETHTB, YTO BpEMs MapaUIeNbHOTO BBITOJHEHHS
KacKaJTHOW CXEMBI COBIAIAET C OIICHKOM IS ImapakoMITbioTepa B TeopeMe 2. OQHaKO MpH 3TOM 3PPEKTHBHOCTD
HCIIOJIB30BAaHMS IIPOLIECCOPOB YMEHBIIACTCS IIPH YBEITMUYSHHH KOJIMYECTBA CYMMHUPYEMBIX 3HAYCHHI



IimE, -0 npu n-—>oo.

2.5.3. MoaucduumpoBaHHasa KackagHasi cxema

[lomyyeHne acHMOTOTHYECKH HEHYJIEBOH S((EKTUBHOCTH MOXET OBITh OOECIIEYeHO, HApuMep, Npu
HCIOTIH30BAaHUU MOIUGHUIIMPOBaHHON KackamHou cxemsl (cM. Bertsekas and Tsitsiklis (1989)). dns ynpomeHus

TTOCTPOEHHSI OLIEHOK MOXHO TMPEIONIOXKHATE 71 = 2k ,k=2°. Torna B HOBOM BapHMaHTE KAaCKaIHOH CXEMBI BCE

MIPOBOJMMBIE BEIYHCICHUS TOAPA3ICIAIOTCS Ha JIBa MOCIEIOBATEILHO BHIOIHAEMBIX 3Talla CYMMUPOBAHHUS (CM.
puc. 2.4):

—  Ha NEPBOM JTalle BBIMUCIIEHUI BCE CyMMUpYyeMble 3HaueHus moapasaensiorest va (n/10g, n) rpynm,

B K&KHOH M3 KOTOpBIX conepxkurcsi 10Z, N S1eMeHTOB; janee I KaKIOH TPYIIbl BBIYMCIAETCA CyMMa

3HAYEHUH MPH TIOMOIIH MOCIEA0BATEIFHOTO AJITOPUTMA CyMMHPOBAHHMS; BBIYUCICHUS B K&KIOH TPyMIIe MOTYT
BBIMOJTHSTECSI HE3aBUCHMO YT OT Apyra (T.e. MapamiedbHO — ISl 3TOTO0 HEOOXOAWMO HalMdhe HE MEHee

(n/log, n) npoueccopos);

— Ha BTOpOM oTame st nomydenubix (71/10g, 1) cymMM oTAenbHBIX Tpymi mpUMeHseTCst OObIYHAS
KacKajiHas CXeMa.

X1 X2 X3 X4 X5 XG x7 XS X9 X1OX11X12 X13X14x1 5x16

Puc.2.4.  MomudunupoBaHHas KackaaHas cxeMa CyMMHPOBaHHs

Toraa /uisl BBITIONHEHHs TIEPBOTO 3Tana TpeGyeTcs BbimonHenue 10, A mapalenbHbIX onepauuii npu

ucnonszosanun P, = (n/1og, n) npoueccopos. 11st BEIMOMHEHNS BTOPOrO dTana HEO6XOAUMO
log,(n/log, n) <log, n

napamiensHpx onepauuit s p, =(n/log, n)/2  npoueccopos. Kak pesynbrar, namHbIi crnoco
CYMMHPOBAHHS XapaKTepPU3yeTcs CIIeAYIONMMH OKA3aTeIAMU:

T, =2log,n, p=(n/log,n).

C YUCTOM IOJYUYCHHBIX OLCHOK IIOKa3aTCJIM YCKOPCHUSA U Bq)(l)eKTI/IBHOCTI/I MO,I[PI(I)I/IIII/IpOBaHHOﬁ KaCKaHHOﬁ
CXCEMBI OIPCACITIAOTCA COOTHOICHUAMU:

S,=T1,/T, =(n—-1)/2log, n,
E,=T/pT,=n-1)/(2(n/log, n)log, n)=(n—1)/2n.
CpaBHI/IBaﬂ JAaHHBIC OLICHKHU C ITOKa3aTCIIIMHU 0OBIYHOI KaCKaZ[HOfI CXEMBI, MOKHO OTMETHUTD, UTO YCKOPECHUE IJId

IPEIUIOKEHHOTO apaluIeNIbHOTO aITOPHUTMa YMEHBIIMIOCH B 2 pa3a, OAHAKO I 3(P(EKTHBHOCTH HOBOTO
METO0Jla CyMMHPOBaHMS MOXKHO HOJIyYUTh ACUMIITOTHYECKHU HEHYJIEBYIO OLIEHKY CHU3Y

E,=(n-1)/2n2>0.25 IimE, >0.5 npu n—>oo.



MOXHO OTMETUTh TaKXKe, YTO JaHHbIE 3HAYEHHs IOKa3aTeled JOCTUTaIOTCs NMPHU KOJIHUYECTBE IPOLECCOPOB,
olpejieIeHHOM B TeopeMe 5. Kpome Toro, Heo6XoauMo NOAYEPKHYTbh, YTO, B OTIHYUE OT OOBIYHOM KacKaJHOH
CXEMbI, MOJWU(HUUIUPOBAHHBIH KAaCKaJHBIH AITOPUTM SBISIETCSI CTOMMOCTHO-ONTHMANBHBIM, ITOCKOJIBKY
CTOMMOCTH BBIYHCIIEHUII B 3TOM Cllyyae

C, =pT, =(n/log, n)(2log, n)

ABJIACTCA HpOHOpHI/IOHaHLHOﬁ BPEMEHHU BBITIOJIHEHHUS IMMOCIEA0BATEIILHOI'O aJIrOpHUTMa.

2.5.4. BeluncneHue Bcex YaCTHbIX CYMM

BepHeMmcs K HMCXOOHOW 3ajaye BBIYMCICHHS BCEX YacCTHBIX CYMM IIOCJICIOBATEIBFHOCTH 3HAYCHUH H
IPOBElleM aHalInu3 BO3MOXHBIX CIIOCOOOB MOCIENOBATENBHON M MAapauIeNbHOW OPraHU3allii BBIYMCICHHH.
Brruncnenue Bcex 4acTHBIX CyMM HA CKaJSIPHOM KOMIIBIOTEPE MOJKET OBITh HOJIy4eHO MPH IOMOLIH OOBIYHOTO
MOCTIEIOBATENBEHOTO AITOPUTMA CYMMHUPOBAHHUS TIPU TOM K€ KoJr4decTBe onepanuii (!)

T, =n.

HpI/I MnmapajiyieJIbHOM HCIIOJJHEHUU NPUMEHCHUE KaCKaI[HOf/’I CXEMBI B SIBHOM BHJAC HE MPUBOAUT K KEJIACMbIM
pe3yiibTaTaM; JOCTHKCHUC 3(b(beKTI/IBHOFO pacniapayiCIuBaHUsA TDe6VeT OPUBJICYCHHUS HOBBIX TOAXOJ0B (MO)KeT
GLITI), JAaXE HC HMMCIOMIMX AHAJIOI'OB IIPpHW TIOCICAO0BATCIBHOM HDOI”DaMMI/Il’)OBaHI/II/I) JUISA Da3Da6OTKI/I HOBBIX
napajjiCJIbHO-OPUCHTUPOBAHHBIX aJITOPUTMOB PCUICHUA 3a/1a4. TaK, JJIs1 paCCManPIBaeMOﬁ 3aJa4r HaXOXICHU

BCEX YACTHBIX CYMM, airOPUTM, OOECTeYMBAIOLIMIl MONydeHHE pPe3ylnbTaToB 3a lOZ, 71 mapaiienbHbIX
omepanuii (Kak M B CJIydac BBIUUCIICHHs OOIIEH CyMMBI), MOXKET COCTOAThH B cienyromeM (cMm. puc. 2.5) (cM.
Bertsekas and Tsitsiklis (1989)):
—  IIepes HAYalOM BBMHUCIICHHI CO3aeTcsl KOMMA S BEKTOpa CYMMHPYEMBIX 3Ha49eHui (S = X );
— jmanee Ha Kax/o# urepauuu cymmmposanus I, 1<i<log,n, popmupyercs BcromorarenbHbiii
i1 .
sektop (J myTem capura BrnpaBo Bektopa S Ha 2’ mosummii (0cBO6GOXAIOIIMECS TIPH C/IBUTE TIO3ULMHU CIIEBA

yCTaHaBIMBAIOTCS B HYyJIEBble 3HAYEHHs); MTepalus alrOpUTMa 3aBepLIacTCsl NapaulesIbHOM omeparueit
cymmupoBanus Bektopos S u (.

Puc. 2.5. CxeMa napajuIe/ibHOTO aJIrOpUTMa BHIYHCICHNUS BCEX YaCTHBIX CyMM (BeIM4uHbL S, y

03HAYal0T CyMMBI 3HAYEHHH OT I 0 ] DJIEMEHTOB YHCIIOBOI ITOCIIEI0BATEIHHOCTH)

Bcero HapaJ'IJ'IeJ'ILHHﬁ AJITOPUTM BBITIOJIHACTCA 3a 10g2 N mnapajuieJIbHBIX onepaum‘& cinoxenns. Ha Ka)KJIOﬁ

WATEpalny ITOPUTMA IMAPAIUIEIBGHO BBIIONHSIOTCA 7 CKAIAPHBIX ONEparii CIOKEHHS W, TaKUM 00pa3oM,
o011ee KOJIMYECTBO BHIITOTHAEMBIX CKAJSIPHBIX ONEpanuii OnpeaessieTcs] BEMMIHHON

Kmp =nlog, n
(TmaparmiensHBI anropuT™ coaep kUt Oomnpirnee (1) KOIMIECTBO Omepanuii Mo CPaBHEHHUIO C TOCIEN0BATEIEHBIM

cnocoboM cymmupoBaHus). HeoOxoammoe KOJMYECTBO MPOIECCOPOB  OMpPENeNseTcs  KOJIMIECTBOM
CYMMHpPYEMBIX 3HaUeHUH ( p = 1).



C yd4eToM IIOMYYEHHBIX COOTHOLICHMH, IIOKa3aTeld YCKOpeHUs U 3(PQEKTHBHOCTH MNapajyielbHOTo
JITOPUTMa BBIYUCIICHUS BCEX YAaCTHBIX CYMM OILIEHHBAIOTCS CJIEAYIOUIMM 00pa3oM

S,=T1T,/T, =n/log, n,
E,=T/pT,=n/(plog,n)=n/(nlog,n)=1/log, n.

Kak cnemyer U3 MOCTPOCHHBIX OICHOK, 3((HEKTHUBHOCTH aTOPUTMA TAKKE YMEHBIIIACTCS MIPH YBEITMUCHUH YHCIa
CYMMHUPYEMBIX 3HAUYCHHUHA W TPH HEOOXOTUMOCTH TOBBIIICHHUS BEITUYMHBI STOTO IOKA3aTeNsT MOXKET OKa3aThbCs
TTOJIE3HOW MOJM(HKALINS ATOPUTMA, KaK U B CITydae ¢ OOBIYHON KaCKaJHOH CXEMOi.

2.6. OueHka MaKkcumMasibHO 0OCMUXXUMOR20 rnaparsiiesnu3sma

OleHka KavecTBa MapalIeibHBIX BBIYUCICHUN MPEANONAaraeT 3HAHHE HAWIyywux (MakcumaibHo
docmudicumblx) 3HAUYCHUH ToKa3areneil yckopenus u 3pQeKTHBHOCTH, OTHAKO, MOIYICHHE UICATbHBIX BETUUUH
S,=p g yckopenus u E,=1 nna 3GHEeKTHBHOCTH MOXKET OBITH 00ECIEUeHO He I BCEX BBIYMCIHTEIBHO
TpynoeMKux 3anad. Tak, Uil paccMaTpUBaeMOro y4eOHOrO HpuUMepa B MPEIbIAYIIEM ITYHKTe MUHUMAIbHO
JOCTHXKMMOE BpeMsl IapajyIeIbHOTO BBIYMCICHHS CyMMBI UHCIOBBIX 3HAueHHWH cocrtaBisier [og,n.
OrmnpezieneHHOE COMEHCTBAE B PEIICHHH TaHHOW MPOOJEMBI MOTYT OKa3aTh TEOPETHUYESCKHE YTBEPIKICHHS,
OpHUBEACHHBIC B Hadalle JAHHOTO pasfeia. B JIOMonHeHHe K HHUM PAacCMOTPHM eIie Psii 3aKOHOMEPHOCTEH,
KOTOpbIe MOTYT OBITh YPE3BBIYAHHO TIOJNE3HBl MPU MOCTPOCHHUH OICHOK MAaKCHMANbHO JOCTH)KHMOTO
napasenu3ma’).

1. 3akon Ampaausi. JIOCTIKEHHIO MaKCHUMAJIBHOTO YCKOPEHHS MOXKET HPEMSATCTBOBATh CYIIECTBOBAaHHE B
BBITIOJTHSEMBIX BBIYHCIICHUSX MOCIIEI0BATENLHBIX PAaCYeTOB, KOTOPBIE HE MOTYT OBITh pacrnapasuienensl. [lycts f
€CTb 00Ji1 NOCIe008AMENbHBIX GbIYUCEHUT B TIDUMEHIEMOM allrOpUTME 00paOOTKH JaHHBIX, TOTJa B COOTBETCT-
BUU C 3aKkoOHOM Amoans (Amdahl) yckopeHue mporiecca BBIUHCICHHI NPU KCIOIB30BAHUU p TPOILECCOPOB
OTPaHUYHMBACTCSI BETMYMHOMN

1 S*=l

S p £———«< —.
f+A=)/p A
Tak, Hanpumep, npu Haauduu Bcero 10% mociienoBaTeNbHBIX KOMAH B BHINOJHIEMBIX BBIYUCICHHAX, d(PEKT
WCIIONIB30BaHMs Iapajuleii3Ma He MOXeT InpeBblmarh 10-KpaTHOTO ycKopeHHsi 00paOoTKM IMaHHBIX. Jlis
PaccMOTPEHHOTO y4eOHOro TpUMepa BBIUMCICHUS CYMMbBl 3HAYeHHMH JUIS KAacKagHOW CXEMBl oIS
HOCIIEJIOBATENbHBIX pacueToB cocraBisieT f =log, n/n U, Kak pe3yiabTaT, BEIMYMHA BO3MOXHOIO YCKOPEHUS

o *
orpaHuueHa orneHkoit S =n/log, n.

3akoH AMpjans XapakTepusyeT OJHY U3 CaMBIX CEpPhe3HBIX MpodjeM B 00NacTH TapauieIbHOTO
MIPOTPaMMHPOBAaHUS (aJITOPUTMOB 0O€3 OIpeNeNeHHOW IOJH IIOCIEAOBATEIBHBIX KOMAH/ TPAKTHYECKH HE
cymectByer). OgHaKO dYacTo JOJS IIOCIEAOBATEIbHBIX JCWCTBHA XapaKTepuU3yeT HE BO3MOXKHOCTH
MapajIeIbHOTO PEIIeHUs 3a/1ad, a MOCe0BaTeIbHbIe CBONCTBA MPUMEHIEMbIX anropuTMmoB. Kak pesynbTar,
JIOJIST TIOCTIEIOBATENBHBIX BBIUMCIEHHH MOXeET OBITh CYIIECTBEHHO CHIDKEHA NP BbIOOpe 0osee MOAXOISIINX
JUTA paciapauieIMBaHusI METOJOB.

CremyeT OTMETHTBH TaKKe, YTO PACCMOTPEHHE 3aKOHa AMIAis MPOUCXOAUT NPH MPEANONOKESHHH, YTO
JOJISL TIOCTICZIOBATEIbHBIX PAcUeToB f SIBISAETCA MOCTOSHHOW BENMYMHOM M HE 3aBHCHT OT Iapamerpa 7,
OIIPE/ISIISFONIEr0 BEIYUCIHUTEIBHYIO CIOKHOCTh peraeMoi 3agaun. OxHako Ajist OONBLIOTO psja 3amad IO
f=f(n) sBnsercs yObiBatoliel (yHKIMEH OT 7, MU B 3TOM Cllyyae yCKOpeHHe Uil (PMKCHPOBAHHOTO YHCIIA
IPOLIECCOPOB MOXET OBITh YBENMYEHO 3a CHUET YBEIMYCHHS BBIYMCIUTEIBHOW CIOKHOCTH pElIaeMOH 3aladvH.
JanHoe 3aMedaHne MOXET OBITH CHOPMyIHMPOBAHO KaK YTBEpiKIEHHE, UTO ycKopeHue S,= S,(n) sBusercs
Bo3pacrarolei (yHKIMeH OT mapamerpa 7 (JaHHOE YTBEp)KACHHE YacTO MMEHYeTCs Kak a¢gexm Amoans).
Tak, Hanpumep, A1 y4eOHOTO pUMEpa BBIYMCIICHNS! CyMMBbI 3HAYSHUH TIPU UCIIOIB30BaHUH (PMKCUPOBAHHOTO
Yuclla TIPOLECCOPOB p CyMMHpPYeMbl HaOOp JaHHBIX MOXET OBITH pasfeleH Ha OJIOKM pasMmepa n/p, UL
KOTOPBIX CHayajia rapaijie’bHO MOTYT ObITh BBIYHCIICHBI YaCTHBIE CYMMBI, @ JIaJIee 3TH CyMMBI MOXHO CIIOXKUTb
NPy TIOMOIIM KAaCKaJHOW CcXeMbl. JIMTEbHOCTh IMOCIIEOBATENFHONM YacTH BBINOJHIEMBIX —OIEpaLUi
(MMHMMaTBEHO-BO3MOXHOE BPEMS NTApAIJIEIBHOTO HCIIOIHEHHSI) B 3TOM ClTydae COCTaBIISIET

T,=(n/p)+log, p,

! Kak u panee, Ipi BBIBOJIE 3aKOHOMEPHOCTeil He GY/IyT YUHTHIBATHCS H3/IEPYKKH, CBA3AHHBIE C OPraHM3aIMel repeiady coobIIeH i
— aHAJIN3Yy KOMMYHHKAIHOHHOI CJI0KHOCTH MapaJlIe/IbHbIX arOPUTMOB ITOCBSIIEH pa3zien 3.
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YTO NMPUBOJUT K OIICHKE JIOJIH MOCIIEI0BATENHHBIX PACYETOB KaK BEJIMYHHBI
f=0/p)+log, p/n.

Kak crnemyer m3 mOydeHHOTO BBIPaXKEHUS, JNOJS IOCIEAOBATENIBFHBIX PAacdyeToB [ yOBIBaeT C pOCTOM 7 U B
MIPEAETBHOM CIIydae MbI OJTy9aeMOM HICATHHYIO OIIEHKY MaKCHMAaJIbHO BO3MOXKHOTO YCKOPEHHS S *=p.

2. 3akoH I'ycraBcona - Bapceuca. OnieHUM MakCHUMalbHO TOCTHXKUMOE YCKOPEHHE UCXO/S U3 UMEIoLIencs
JIOJIM TIOCJIEIOBATEbHBIX PACYETOB B BBHITIOJHACMBIX MTAPAJUICITBHBIX BEIYUCICHHUSAX

_ z(n)
B t(n)+xz(n)/ p’

rae 7(n) W 7(n) ecTh BpeMeHa IOCIEAOBATEIHHON M TapajuIeIbHOW YacTed BBITOMHSIEMBIX BBIYHCICHHHA
COOTBETCTBEHHO, T.€.

Li=t(m)+x(n), T, =t(n)+xz(n)/p.

C y4eroM BBEJEHHOMN BEMYMHBI g MOXKHO IOJIyYHUTh

t(n)=g-(t(n)+x (n)/p), n(n)=(1-g)p-(t(n)+x(n)/p),

YTO MO3BOJIAET MOCTPOUTH OLIEHKY JUIsl YCKOPEHUS

_ L tmtam) (@) +a(n)/ p) g+ -g)p)

’ T, B t(n)+z(n)/ p t(n)+z(n)/ p

>

KOTOpasi TOCJe YNPOUICHUS TPUBOIUTCA K BUAY 3axkona Iycmaecona-bBapcuca (Gustafson-Barsis's law) (cM.
Quinn (2004))

S,=g+(1-gp=p+(1-p)g.

HpI/IMeHI/ITeJ'II)HO K y‘-le6HOMy npuMepy CyMMUPOBAHHUA 3HAYCHMI IIpyu HUCIOJb30BaHUU p MNPOLCCCOPOB BPEMs
MnapajijyieJibHOTI'O BBIIIOJIHCHUS, KaK YK€ OTMEYAJIOCh BBILIC, COCTABJIACT

T, =(n/p)+log, p,
YTO COOTBETCTBYCT HOCHCHOB&TCHLHOﬁ noJe

_ log, p
(n/ p)+log, p

3a cueT yBEJMYEHHs YWCIA CYMMHPYEMbBIX 3HAYCHUH BEIMYMHA g MOXKET ObITh IPEHEOPEKUMO MalloH,
obecneunBas MoJTy4eHHe UIeaIbHOIO BO3MOMKHOIO YCKOPEHHs S, =p .

Ipu paccmoTpenun 3akoHa ['ycraBcoHa-bapcuca cnegyer yyuThiBaTh €le OAWH BakHBI MomeHT. [Ipu
YBEJIMUYCHUH YKCJIa UCTIOIb3YEMbIX MPOLECCOPOB TEMI YMEHBIICHHS BPEMEHHU MMapaIeIbHOTO PELICHHs 33124
MOXeT majgarh (Iocie MPEBbIIICHUS OMPeAeIeHHOro mopora). OHAKO MPH 3TOM 3a CUYET YMEHBIICHHS BPEMEHH
BBIYKCIICHUN CJI0XKHOCTh PEIIAEMbIX 33[a4 MOXET ObITh yBenuueHa (Tak, Hampumep, Ui yueOHOH 3ajaqu
CYMMHUPOBAHHSA MOXKET OBITh YBEIIMYEH pa3Mep CKiaapiBaeMoro Habopa 3HaueHHi). OLUEHKY HOIy4aeMoro mpu
9TOM YCKOPEHHSI MOXHO ONpEACNUTh I[PH IMOMOIIM CHOPMYJIMPOBAHHBIX 3aKkOoHOMepHocTeil. Takas
aHaJMTHYECKasl OLIEHKA TeM OoJiee MoJie3Ha, MOCKOJIbKY PELIeHUE Takux 0oJiee CIIOKHBIX BAPHAHTOB 3a/a4 Ha
OJTHOM TPOIIECCOPE MOXKET OKAa3aThCs JOCTATOYHO TPYJOSMKHM U JaKe HEBO3MOXKHBIM, HAMPUMEp, B CUIY
HEXBaTKU omnepaTHBHON mamsTH. C y4eTOM YKa3aHHBIX OOCTOSTEIILCTB OIICHKY YCKOPEHHS, MOJIy4acMylo B
COOTBETCTBUHM C 3akoHOM ['ycraBcoHa-Bapcuca, eie Ha3bIBalOT yckopenuem macuwimabuposanus (scaled
speedup), TOCKOJBKY IaHHAs XapaKTEPUCTHKAa MOXXET I0Ka3aTh, HACKOIBKO S(P(EKTHBHO MOryT ObITh
OPraHU30BaHBI MapalielIbHbIC BEIYUCICHHUS IPH YBEIIMUCHUH CJI0KHOCTH PEIIAeMbIX 3a1a4.

2.7. AHanus Macwma6upyemocmu napasiiesibHbIX eblvyucsieHuu

LICJ'H)IO MPUMCHCHUS MapaUICIbHbIX BBIYMCJICHUA BO MHOTHX Cllydasax ABJIACTCA HE TOJIbBKO YMCHBIICHUC
BPEMEHHU BBIIIOJHEHUS PACUY€TOB, HO U o0ecreuyeHre BO3MOKHOCTH pemenusa 0oJiee CIIOXKHBIX BapruaHTOB
pemaeMbIX 3a1a4 (TaKI/IX TIOCTAaHOBOK, PEHICHUE KOTOPBIX HE MPEACTABIIACTCA BO3MOXXHBIM ITPU UCITOJIB30BAHUN
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OJTHOTIPOIIECCOPHBIX ~BBIYHCIUTENBHBIX cucTeM). CMOCOOHOCTh TApaUIENBHOTO aNropuT™Ma 3()(HEKTHBHO
HCIIOJIb30BaTh TMPOIECCOPHI TP TIOBBIMIEHUH CIIOXHOCTH BBIYMCIICHHI SIBISIETCS BaKHOW XapaKTEPUCTHKOM
BBIMOJIHSAEMBIX PacyeToB. B CBs3M ¢ 3TUM, MapajlielibHBIA aJTOPUTM HAa3BIBAIOT Macumadbupyemvim (scalable),
€CJIM TIPU POCTE YKCIIA MPOIECCOPOB OH 00ECIIEUNBACT YBEIHUCHHE YCKOPEHHUS MIPH COXPAHCHUH MOCTOSHHOTO
ypoBHS 3()(HEKTUBHOCTH HCIIOJIL30BAHKUS MPOLECCOPOB. BO3MOKHBIM CHOCOO XapaKTEPUCTUKH CBOMCTB
MaciITabupyeMOCTH COCTOUT B CIIEIYIOIIEM.

OneHuM Haxnaousle pacxoost (total overhead), KOTOpbIe UMEIOT MECTO IPH BBIIOJHEHHUH apalIeIbHOIO
NropUT™Ma

Iy=pT,-T,.

Haknanuesie pacxombl MOSIBIISTIOTCS 32 CYET HEOOXOIMMOCTH OpPTaHM3allMM B3aMMOJCHCTBHSA IPOIIECCOPOB,
BBITIOJTHEHUSI HEKOTOPBIX JOMOJHUTEIBHBIX JCHCTBUM, CHUHXPOHW3ALMU MapajUleIbHbIX BBIYUCICHUH U T.IL
Hcnonb3yss BBelIeHHOE O0O3HAUYEHHE, MOXHO IOJIyYUTh HOBBIC BBIPOKCHUS Ui BPEMEHHM MNapaIeIbHOrO
pelIeHns 3a/1a4i U COOTBETCTBYIOIIETO YCKOPEHUS:

L+T, L __rh
Tp:—’ SP:T_:T—'
p P 1+T0

Hcnounb3yst nonyueHHbIe COOTHOILEHNUS, 3PPEKTUBHOCTD KCIOIb30BAHMUS MPOLIECCOPOB MOYKHO BBIPA3UTh KaK

E =S_p= Ti = 1 .
Pp T +T, 1+T,/T,

[locnennee BbIpaKEHHE IOKA3bIBACT, YTO, €CIM CIOXKHOCTH DEIIAEMOM 3a1aun sBJIsIeTCS (MKCHPOBAHHOMN
(T;=const), TO Ipu pocTe YUCIA MPOLECCOPOB IPPEKTUBHOCTD, KaK MPaBUIIO, OyneT yObIBaTh 3a CYET pocTa
HakJagHbIX pacxonoB Ty. Ilpu ¢ukcanmm uncia npoueccopoB 3(h(HEeKTUBHOCTH MCIIOIB30BAHUS IIPOLIECCOPOB
MOXXHO YJIyYIIUTh IYTEM IIOBBIMICHHS CIOXKHOCTH periaeMod 3axaud 1; (Ipearosiaraercs, 4ro IpU PoCTe
napamerpa CIOXHOCTH 7 HaKJIamHble pacXonsl ) yBEIHYMBAIOTCS MEIJICHHee, 4eM 00beM BhIYUCICHUH T').
Kak pesynprar, HpH YBEIMYEHHH YHCIa IPOLECCOPOB B OOJBIIMHCTBE CIy4acB MOXHO OOECIeYnTh
OIIpe/ieNIeHHbIH ypoBeHb 3()(EKTHBHOCTH IPH OMOIIY COOTBETCTBYIOIIETO MOBBIICHUS CI0KHOCTH PeLIaeMbIX
3a7a4. B 9TON CBs3M, BaXKHOW XapaKTEPUCTUKON MapajliebHbIX BBIYMCICHUM CTaHOBUTCS COOTHOIIEHHE
HE00XOMMBIX TEMIIOB POCTA CIIOKHOCTH PacyeTOB U YHCIIA UCTIOIb3YEMbIX IIPOLIECCOPOB.

[lycte E=const ecThb xeTaeMblii ypOBEHb d(P(PEKTHBHOCTH BBHIIONHAEMBIX BBIYHCICHUH. W3 BBIpaKeHUs
U 3 PEKTHBHOCTH MOYKHO TTOIYIUTh

T, 1-E
I

um T, =KT,, K =E/(1-E).

[TopoxaaeMylo MOCIEAHUM COOTHOIIEHHEM 3aBHUCUMOCTb 721 =F(p) MEXIy CI0KXHOCTBIO peliaeMoi 3ajayu u
YKCJIOM IMPOIIECCOPOB OOBIYHO HA3BIBAIOT (yHKyuel uzosgpgexmusnocmu (isoefficiency function) (cm. Kumar et
al. (1994)).

IMokaxxeM B KayecTBe MIUIIOCTPALMK BBIBOJ GYHKIMUA H303((GEKTUBHOCTH [yl y4eOHOro mnpumepa
CYMMMPOBAHUS YHACIOBbIX 3HaueHuil. B 3Tom cirydae

Ty =pT, T, = p((n/ p)+log, p)—n=plog, p
U pyHkumns n303hHeKTUBHOCTH IPUHUMAET BH
n=Kplog, p.
Kak pesynbraT, Harpumep, Ipu YHCIIE MPOLECCOpoB p =16 i obecrnieueHust ypoBHs dpdexktuBHocT E=0.5

(t.e. K=1) KONMM4ecTBO CyMMHUPYEMBIX 3HAaUCHUH INOIDKHO OBITH HE MeHee n=64. VI ke, IpH yBEIHYCHUN
YHCIIa MPOLECCOPOB € p 10 ¢ (¢>p) And obecnedeHus NponopLHOHAIBHOro pocTa yckopenus (S,/S,)=(q/p)

HEOOXOAMMO YBEJIMUUTh YHCIIO CYMMHUPYEMBIX 3HadeHuit n B (qlog,q)/(plog,p) pas.
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2.8. Kpamkutii 0630p pa3dena

B paspgese ommchIBaeTCS MOICIb BBIYHCICHHMN B BHae rpada "omeparuu-ornepanipl’, KOTOpas MOXKET
UCIIONIb30BaThCS [UIsl OMMCAHMUs CYHIECTBYIOIMX MH(POPMAIIMOHHBIX 3aBUCUMOCTEH B BHIOMPAEMBIX alrOpPUTMAaX
peieHust 3aqad. B OCHOBY JaHHOW MOJCIH IMOJIOKEH AIMKINYCCKUH OPHUCHTUPOBAHHBIA Tpad, B KOTOPOM
BCPUIMHBI MPEACTABIIAIOT OII€palu, a AYTr'd COOTBETCTBYIOT 3aBUCHUMOCTIM onepauuﬁ 110 JaHHBbIM. le/l
HaJIMYMKM Takoro rpada i onpenesieHHs MapajuleibHOr0 alrOpUTMa JOCTaTOYHO 33/1aTh pAaclUCaHUe, B
COOTBETCTBHUH C KOTOPEIM (DUKCUPYETCS pacIpeieIICHHE BITOIHICMBIX OMEPALUH 110 MPOIECCOpaM.

[IpencraBnerne BEIYUCICHHUHA MIPH IIOMOIIHA MOJIENIEH M0J0OHOTO BUAA MTO3BOJISET MOTyYUTh AHATUTHIESCKU
PSA XapaKTEpUCTHK pa3pabaThIBAEMBIX ITapaUICIbHBIX aITOPUTMOB, CPEIH KOTOPBIX BpeMs BBIIIOTHEHUS, CXeMa
ONTUMAJILHOTO PACIHUCAHUA, OICHKH MAaKCUMAJIbHO BO3MOXXHOTO OBICTPOJCHCTBUS METOIOB PEIICHHUS
MOCTABJICHHBIX 3amad. JIjii BO3MOXHOCTH 00Jiee MPOCTOrO MOCTPOCHHUS TEOPETHUYSCKHX OIICHOK B pasfelie
paccMaTpHBaeTCs MOHATHE NApaKoMnbromepd Kak IMapajuleIbHON CHUCTEMBbI ¢ HEOTPAHUYCHHBIM KOJIHYECTBOM
MPOLIECCOPOB.

Jnsi OUEHKH ONTUMAJBHOCTH pa3padaThIBAEMBIX METOJOB MapajUIeNIbHBIX BBIYKCICHHH B pasjerne
MPUBOJATCA HIMPOKO HMCHOJIB3YEMbIE B TCOPUM M IPAKTHUKC IMapalyICIbHOTO HNporpaMMHpOBaHUsA OCHOBHBIC
NOKazaTeJau KauyecTBa - ycKopenue (speedup), mokaspiBaroliee, BO CKOJBbKO pa3 ObICTpee OCYILECTBISETCS
pelieHne 3aiad Mpu UCIOJb30BaHUU HECKOJIBKMX IPOLIECCOPOB, U Ighghexmuenocms (efficiency), xoropas
XapaKTepU3yeT JIONI0 BPEMCHH PEAIbHOTO HCITOJB30BAHUS MPOILECCOPOB BBEIYUCIUTEILHON CHCTEMEI. BakHOM
XapaKTEPUCTHKON pa3padaThIBACMBIX AITOPUTMOB SIBIIICTCS CHIOUMOCHb (COSE) BBHIYHCICHUH, ompeienseMast
KaK [TPOU3BEACHUE BPEMCHH MApAILICIFHOTO PEIICHUS 3a1a9H U YMCIIa UCIIOJIE3YEMBIX POIIECCOPOB.

I[J'lﬂ JACMOHCTpallMl HNPUMEHUMOCTH PACCMOTPEHHBIX MO]IeHeﬁ n MCTOJOB aHa/iu3a IMapajICJIbHBIX
AJITOPUTMOB B pasJielic PACCMATPUBACTCS 3a7ada HAXOXKICHHUS YaCTHBIX CYMM IIOCITIEI0BATEIbHOCTH YHMCIOBBIX
3Ha4yeHuil. Ha naHHOM mprMepe oTMevaercs IpobiieMa CIOXHOCTH paclapauIeInBaHMs MOCIEI0BATEIBHBIX
AIITOPUTMOB, KOTOpPBIE W3HAYAIBLHO HE OBUTM OPHEHTHPOBAHBI HA BO3MOXXHOCTh OPraHU3alllU MapauIelIbHBIX
BeluMCICHUUA. [ BbIgeNeHHs "CKpBHITOro" mapajulelii3Ma MOKa3blBaeTCs BO3MOXKHOCTH MpeoOpa3oBaHUs
HCXOMHOI MOC/IeNOBATENbHOM CXEMbl BBIYHCICHUH W TPUBOOUTCS MOJNydYaeMas B pe3yJbTaTe TaKHX
npeoOpa3oBaHuii KackajgHas cxema. Ha mnpumepe 3TOil ke 3amgayd OTMEYaeTcs BO3MOXKHOCTH BBEICHUS
M30BITOYHBIX BEIYMCIICHUH I JOCTHKEHHMS OOJBIIETO ITapauIelIi3Ma BEIIOIHIEMBIX PAaCYETOB.

B 3aBepumieHue paszzena paccMaTpUBAeTCsl BONPOC MOCTPOSHHS OLEHOK MaKCHMAlIbHO JOCTHMXKUMBIX
3HAUCHUI ToKa3aTeaed 3pQexkTuBHOCTH. s MOMyYeHHs] TaKMX OLECHOK MOXET OBIThb HCIOJNB30BaH 3aKOH
Amoans (Amdahl), mo3BONSIOMNI yYecTb CYIIECTBOBAaHME IIOCIEJOBATEIbHBIX (HepaclapalleInBacMblIX )
BBIUUCIICHUI B METOJaX pemeHus 3amad. 3axox Iycmascona-Bapcuca (Gustafson-Barsis's law) obecrieanBaet
TIOCTPOCHHE OLIEHOK YCKOpeHus macumaobuposanus (scaled speedup), NicTions3yeMoe U XapaKTePUCTHKH TOTO,
HACKOJBKO (P (HEKTUBHO MOTYT OBITH OPraHM30BaHBI MapalieIbHbIC BEIYUCICHHUS IPH YBEIHMYCHHU CII0KHOCTH
pemaeMbIx 3agad. s ompemesieHHS 3aBHCUMOCTH MEXAY CIOKHOCTBIO DEIIaeMOH 3aJadd M YHUCIOM
MPOLIECCOPOB, MpPH COOJIONEHUU KOTOpOW obecreunBaeTcss HEOOXOMUMBI ypoBeHb 3(deKTHBHOCTH
napaJuielibHbIX BBIYHUCICHUH, BBOIUTCS TIOHATHE (DyHKyuu uzosggexmusnocmu (isoefficiency function).

2.9. O630p numepamypsbi

I[OHOJ'IHI/ITeJ'l])Haﬂ l/IH(l)OpMaLlI/IH Mo MOACJIMPOBAHUIO U aHAJIM3Y NapauICJIbHBIX BBIYHCIIEHUH MOKET 6]>ITI)
noxydena, Hanpumep, B Bertsekas and Tsitsiklis (1989), Boesoaun B.B. u Boesoaun Bin.B. (2002), nonesnas
uHpopmanus coaepkutcs Takke B Kumar et al. (1994), Quinn (2004).

PaccmoTpenue yueOHOM 3amaud  CyMMHPOBAHHS IIOCIIEAOBATENLHOCTH YHCIOBBIX 3HAYEHHH OBLIO
BoimostHeHO B Bertsekas and Tsitsiklis (1989).

BriepBeie 3akoH Ampans Obu1 m3noxeH B pabore Amdahl (1967). 3akon ['ycraBcona-bapcuca Obut
ommybnmkoBaH B padote Gustavson (1988). [lorarue ¢hyHKIMN 1303QPEKTHBHOCTH OBLIO MPEmIoKeHo B paboTte
Grama et al. (1993).

CucremaTuueckoe M3JIOKEHHE (HAa MOMEHT M37aHHsA paldOThl) BONIPOCOB MOJEIMPOBAHHMSA M aHAIM3a
NapaJuleNIbHBIX BBIYHUCIICHUH TpUBOANTCS B Zomaya (1996).

2.10. KoHmponbHbIe 80npPochI

Kak onpenensiercs monens "onepanus - onepasnst"?
Kaxk omnpeznensercs pacnucanue Juist paclipeAeieHusl BBIYUCICHUNA MEXly IpoLeccopamu?
Kak ompeznensercs BpeMsi BBITOIHEHHS TapaUIeIbHOTO aIropuTMa’?

Kaxkoe pacnicanue siBisieTcsi ONTUMaabHbIM?

Al A

Kak onpenenuts MUHIMAaIbHO BO3MOKHOE BPEMs PEIICHUS 3a1a4n?
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6. UYto nmoHuMaercs 01 MApaKOMIIBIOTEPOM U JI1 YET'O MOKET OKA3aThCA IMOJIC3HBIM JAaHHOEC MOHSTHE?

7. Kakue OLEHKH ClIeyeT HCIONBh30BaTh B KAYECTBE XAPAKTCPUCTUKHA BPEMCHH IIOCIICAOBATECIHLHOTO
peleHus 3a1aqu?

8. Kak omnpenenuts MUHHMAIbHO BO3MOXKHOEC BpEMsl TMApaJUICIBHOIO peIIeHUs 3amadn 1o rpady
"onepaHipl — onepanuu'?

9. Kakue 3aBHCUMOCTH MOI'YT OBITh IOJYYEHBI IJISi BPEMEHHU MapajUielIbHOTO PEIIeHUs] 3a/add HpU
YBEJIMYCHUH WM YMEHBIICHHS YMCIIa UCTIOJIb3YEMBIX MPOLIECCOPOB?

10. HpI/I KaKOM 4YHUCJIC MOpOoLeCCOpoB MOTYT OBITH NOJIYUYCHbl BpPEMCHA BbLIIIOJHCHUA MapalICJIbHOI'O
aJIrOpuT™Ma, COIMOCTAaBUMBIC 110 MTOPAAKY C OIEHKaMH MUHUMAaJIBHO BO3MOKHOI'O BPEMEHHN PECIICHUSA 3a11al11/1?

11. Kak ompezaessitorcst MOHATHS yCKOpeHus U 3hdexTuBHOCTH?

12. BO3MOXXHO JII JOCTIDKEHHE CBEPXIIMHEHHOTO YCKOPSHMUS?

13. B ueM cocTOMT NPOTUBOPEYMBOCTH NTOKa3aTee yckopeHus u apdexTuBHOCTH?
14. Kak omnpenensieTcs MOHATHE CTOMMOCTH BBIYUCIICHU?

15. B yeM cOCTOHT MOHSATHE CTOMMOCTHO-ONTHMAIBHOTO alropuT™Ma?

16.B ueMm 3akmrovaercs mpoOseMa pacnapaieUBaHUs MOCISI0BATSIBHOIO AJTOPUTMA CYMMHPOBAaHHUS
YHCJIOBBIX 3HAYEHHN?

17.B uwem cocronT KackagHas cxema cymmupoBaHus? C Kakoil Iempl0  paccMaTpUBaeTcs
MOIU(HUIIMPOBAHHBIN BAPHAHT JAHHOU CXEMBI?

18.B uyem pasnmuue mnokazateneld yckopeHus M 3(P(EeKTHBHOCTH Ui paccMaTpUBaeMbIX BapHaHTOB
KacKaJHOH CXeMbl CyMMHPOBAHHS?

19.B ueM cocTOWT mapaieldbHBIA aJrOPUTM BBIYMCIEHUS BCEX YACTHBIX CYMM IIOCJIENOBATEIbHOCTU
YHCJIOBBIX 3HAYEHHN?

20. Kakx ¢opmymupyetcst 3akoH Ampaansa? Kakod acmekT mapayuiebHBIX BBIYUCICHHHA MO3BOJSIET y4YecTh
TAHHBIN 3aK0H?

21. Kakue npenmnonox)eHus UCIIONIB3YIOTCS Uit 000CHOBaHUs 3akoHa ['ycraBcona-bapcuca?
22. Kak ompenensercs GyHKIHS U303PPEKTUBHOCTH?

23.Kaxoii anroput™m siBisiercss MacmrtabupyembiM? IlpuBeanTe mpuMepbl METOAOB C Pa3sHBIM ypOBHEM
MacITabupyeMOCTH.

2.11. 3adavu u ynpaxHeHus

1. Pa3paGoTtaiiTe MOJIeJIb U BBIIOJIHUTE OLIGHKY MOKa3aTesell yckopeHust u 3((eKTUBHOCTH HapalielbHbIX
BBIYMCIICHUM

® sl 33]]a4M CKAJISIPHOTO MPOU3BE/ICHHUS JIBYX BEKTOPOB
N
y= Z ab; ,
i=1

® UId 3aJa4Yud IMOMCKa MAKCUMAJIbHOI'O U MHUHUMAJIBHOI'O 3HaYECHUH JJI1 3aJaHHOT'O HaGOpa YUCJIOBBIX
JAaHHBIX
Ymin = MIN a;, Vi =Max a;,

i<iSN i<iSN

® JIJId 3ala4M HAXOXACHHUS CPCAHETO 3HAUCHUS AJI 3aJaHHOTI'O Ha6opa YHUCJIOBBIX JAaHHBLIX
N
1
Yo
N i=1

2. BI)IHOJ'IHI/ITG B COOTBETCTBUU C 3aKOHOM AM}IaHH OLleHKy MAaKCUMAJIbHO JOCTHUXXKHUMOI'O ycxopeﬂna JJIA
3a1a4 1. 1.

3. BrImonHHTE OIEHKY YCKOPEHHUS MacIITAOMPOBaHUS LTS 3a1a4 1. 1.
4. BemmonHuTe noctpoeHue GyHKIMH n303ddexTuBHOCTH 1S 3a0a4 11. 1.

5. (*) PaspaboraiiTe MO/IEIb U BBIIOJIHATE MOJHBIN aHAIN3 3PPEKTUBHOCTH MaPaUICIbHBIX BBIYHCICHUI
(ycxopenmue, 3¢ (heKTHBHOCTh, MAaKCUMAJIBbHO JOCTIKAMOE YCKOPEHHE, YCKOPEHHE MacIITaOnpOoBaHMs, (GYHKIIUSI
1303 GEKTUBHOCTHN) [UIs 33[]a4l YMHOXKECHUSI MAaTPHLIBI Ha BEKTOP.
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